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We compute the relation between the pole mass and the kinetic mass of a heavy quark to three loops.
Using the known relation between the pole and the MS mass we obtain precise conversion relations
between the MS and kinetic masses. The kinetic mass is defined via the moments of the spectral function
for the scattering involving a heavy quark close to threshold. This requires the computation of the
imaginary part of a forward-scattering amplitude up to three-loop order. We discuss in detail the expansion
procedure and the reduction to master integrals. For the latter analytic results are provided. We apply our
result both to charm and bottom quark masses. In the latter case we compute and include finite charm quark
mass effects. Furthermore, we determine the large-β0 result for the conversion formula at four-loop order.
For the bottom quark we estimate the uncertainty in the conversion between the MS and kinetic masses to
about 15 MeV which is an improvement by a factor of 2–3 as compared to the two-loop formula. The
improved precision is crucial for the extraction of the Cabibbo-Kobayashi-Maskawa matrix element jVcbj
at Belle II.
DOI: 10.1103/PhysRevD.103.014005
I. HEAVY-QUARK MASS DEFINITIONS
Quark masses enter the QCD Lagrangian density as free
parameters and as such they have to be renormalized once
higher-order corrections are considered. There are two
distinguished renormalization schemes, the pole (or on-
shell) and the (modified) minimal subtraction scheme. The
pole mass scheme (OS) has the advantage that it is based on
a physical definition since it requires that, order by order in
perturbation theory, the inverse heavy-quark propagator has
a zero at the position of the pole mass. On the other hand,
the minimal subtraction scheme only subtracts the diver-
gent parts of the quantum corrections to the quark two-
point function and combines them with the bare mass to
arrive at the renormalized MS (or MS) quark mass.
In high-energy reactions it is appropriate to use the MS
mass, which does not suffer from intrinsic uncertainties.
However, typical energy scales in B meson decays are
smaller than the bottom quark mass which is the reason that
the MS mass is less appropriate in such situations. The pole
mass, on the other hand, suffers from renormalon ambi-
guities, which manifest themselves through an ill-behaved
perturbative series. This can already be seen in the relation
between the on-shell and MSmass which suffers from large
higher-order corrections [1–3]. For example, the four-loop
term in the mass relation amounts to about 100 MeV for
bottom quarks [4,5], which is much larger than the current
uncertainty of the MS mass as, e.g., extracted from lattice
calculations or low-moment sum rules (see, e.g., Ref. [6]).
In order to combine the advantages of the two canonical
mass schemes, so-called threshold masses as, e.g., the
potential subtracted (PS) [7], 1S [8–10], renormalon
subtracted (RS) [11] or MRS [12,13] mass have been
developed. They are of short-distance nature and are free of
renormalon ambiguities, as the MS mass. On the other
hand, the threshold masses are suitable parameters to be
used for cross sections near threshold, decay rates and
heavy-quark bound state properties. In this article, we
concentrate on the kinetic mass [14,15], that is defined via
the so-called small-velocity (SV) sum rules and involves
the relation between the masses of heavy quarks and heavy
mesons up to the kinetic energy term.
The various mass definitions can be converted into each
other within perturbation theory. Such a conversion is
frequently needed in practical calculations as well as in
the extraction of mass values from experiments. In order to
achieve high precision, it is mandatory to know the
conversion relations between the different mass schemes
as precisely as possible. For the most commonly used ones,
their relation to the pole mass is known to next-to-next-to-
next-to-leading order (N3LO) [5].
In this work, we concentrate on the kinetic mass and on
the methods used in the calculation of the relation between
the MS and the kinetic mass to Oðα3sÞ presented in [16].
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In particular, we describe our approach based on expansion
by regions [17,18] to compute the SV sum rules [14,19]
that define the kinetic mass to higher orders in αs. We give
an account of the reduction to master integrals and
summarize our strategies for their analytic computation
at three loops. Moreover, we improve our work in [16] by
including finite charm mass effects in the mass relation for
the bottom quark. We also present the large-β0 contribution
to the conversion formula at four-loop order. Our results,
available as ancillary files attached to this paper and also
implemented in RunDec and CRunDec [20], allow us to
carefully assess for bottom and charm quark the theoretical
uncertainties in the mass scheme conversions. For the
bottom quark, such uncertainty is reduced by a factor of
2–3 compared to the two-loop estimates in Ref. [21]. Our
results are crucial for future extractions of jVcbj from B →
Xclν̄l decays at Belle II, in particular to better constrain
global fits of the branching ratios and the moments of
inclusive semileptonic B decays.
The paper is structured as follows: in the next section we
motivate the definition of the kinetic mass and derive the
relevant formulas that are needed for the practical calcu-
lation. In Sec. III we provide several technical details on the
calculation and in Sec. IV we describe the calculation of the
charm quark mass effects to the bottom mass relation. We
discuss our analytic three-loop results in Sec. V and the
four-loop large-β0 terms in Sec. VI. The numerical effects
of the new correction terms are discussed in Sec. VII, with
special emphasis on the charm quark effects. Finally we
summarize our findings in Sec. VIII.
In Appendix A we report the analytic expressions up to
Oðα3sÞ of the heavy-quark effective theory (HQET) param-
eters Λ̄, μπ , ρD and rE computed in perturbative QCD. In
Appendix B we discuss in detail the calculation of the most
difficult master integral while in Appendix C we provide
analytic results of auxiliary integrals which were useful in
the course of our calculation.
II. WHY THE KINETIC MASS?
In this section, we first summarize the motivations
behind the kinetic mass scheme and the main findings
of Refs. [14,19]. Afterward we introduce the rigorous
definition of the relation between the OS and the kinetic
mass in terms of SV rum rules and present our method for
its calculation to higher orders in αs based on the expansion
by regions and in a fully covariant formalism.
The basis of the precise theoretical prediction for
inclusive B → Xclν̄l decays is the heavy-quark expansion
(HQE), which allows us to predict various observables, as
the total semileptonic rate as well as the moments of
differential distributions (lepton energy, hadronic energy,
hadronic invariant mass, etc.), as a double expansion in
αsðmbÞ and ΛQCD=mb. The starting point is the optical
theorem which relates the decay rate to the forward matrix






The time-ordered product can be written in terms of an








where On;i is a set (labeled by i) of operators of dimension
n and Cn;i are the Wilson coefficients calculable in
perturbative QCD. Taking the forward matrix element of
this expression, we obtain the decay rate in terms of the
Wilson coefficients and hadronic matrix elements of
the operators On;i encoding the nonperturbative input into
the decay rate. The general structure of the expansion for an
observable dΓ is











where the coefficients dΓi are functions ofmc=mb and have
an expansion in αsðmbÞ, while μπ and μG are dimensionful
parameters of order ΛQCD. Since the bottom quark vector
current b̄γμb is conserved, there are for n ¼ 0 only
perturbative corrections; i.e., dΓ0 corresponds to the decay
of a free b quark. Note that there are no linear 1=mb terms
in the HQE as was shown in Refs. [22–25]. The first two
nonperturbative contributions, denoted by μπ and μG,
emerge at order Λ2QCD=m2b and can be written in terms
of two matrix elements:
−2MBμ2π ¼ hH∞ðvÞjh̄vðiD⊥Þ2hvjH∞ðvÞi;
2MBμ2G ¼ hH∞ðvÞjh̄vσ · GhvjH∞ðvÞi; ð4Þ
with σ ·G≡ðiDμ⊥ÞðiDν⊥Þð−iσμνÞ, σμν ¼ i2 ½γμ; γν and iDμ ¼
ivμðiv ·DÞ þDμ⊥. In Eq. (4) hvðxÞ is the b quark field in the
heavy-quark effective theory, v ¼ pB=MB is the velocity of
the B meson and jH∞ðvÞi is the pseudoscalar or vector
meson’s state in the infinite mass limit.1 The parameter μ2π
corresponds to the kinetic energy of the heavy quark inside
the heavy meson, while μ2G is its chromomagnetic moment.
The HQE has a strong dependence on the mass of the
heavy quark mb. Therefore, in order to obtain precise
predictions for decay rates, the quark mass has to be
carefully chosen. This choice is closely intertwined with
1Note that the heavy-quark expansion for semileptonic B
decays is often written in terms of operators with the field
bvðxÞ ¼ eimbv·xbðxÞ and the meson state jBðpBÞi in full QCD,
which differ from hv and jH∞ðvÞi by higher power-corrections in
1=mb, as for instance bvðxÞ ¼ ð1þ iD⊥=2mb þ   ÞhvðxÞ. In the
following we will consider terms only up to 1=m2b, so such
difference can be ignored.
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the size of the QCD corrections to the decay rates. As
already mentioned above, perturbative calculations which
use the pole mass scheme are affected by the renormalon
ambiguity and thus show a bad behavior of the perturbative
series. Indeed if the semileptonic width Γsl is expressed in
terms of the pole mass of the b quark, the expression for Γsl













However, also in the MSmass scheme, the αs corrections
to the Γsl have a bad convergence. Indeed, removing the
infrared (IR) renormalons by using a short-distance mass
definition does not guarantee yet that we have a fast
convergent perturbative series. Semileptonic decays of a
heavy quark are in fact also affected by large corrections of
the type ðnαsÞk, with n ¼ 5, which arise from the con-
version of the overall factorm5b from the pole scheme to the
MS scheme. Note that the ðnαsÞk-enhanced terms are not
related to the running of αs and are present even for a
vanishing β function.
A further argument against the use of the MS bottom
quark mass at a scale μ ¼ mb for inclusive decays is that the
maximal energy of the final hadronic system is limited by
mb −mc. Moreover, since the two leptons in B → Xclν
carry away a significant fraction of the energy, the mass
scale μ to be used is even smaller. However, at such low
scale the logarithmic running of the MS mass is considered
unphysical.
The kinetic scheme for the mass of a heavy quark, mkinQ ,
was introduced in [14,19] to resum in the semileptonic rate
the ðnαsÞk-enhanced terms via a suitable short-distance
definition. It relies on a set of QCD sum rules which hold in
the so-called small-velocity limit, i.e., in the limit where the
three-momentum components of the final state Xc ¼ D;D
are much smaller than mb and mc in the rest frame of the B
meson. The SV sum rules are relations between the
physical differential rate and the parameters μπ and μG,
as well as Λ̄, the binding energy of a heavy hadron. They











where q ¼ ðq0; q⃗Þ is the momentum of the dilepton





. The moments In are evaluated at fixed
values of q⃗2. The variable ω is the excitation energy of the
Xc state, i.e., the difference between the energy of the
hadronic system and the minimum energy necessary to
produce a D meson with a spatial component q⃗:




¼ qmax0 − q0: ð7Þ
The factor ωn in (6) eliminates for n > 0 the “elastic peak”
corresponding to the elastic process B → Dlν, so the
integral is saturated only by the inelastic contributions.
Moreover, all moments are finite. Indeed, the case n ¼ 1
gives the expectation value of the excitation energy, which
is bounded by the decay kinematics. Therefore the differ-
ential rate cannot scale worse than 1=ω in the ω → 0 limit.
We are interested in the leading term of the SV sum rules
in an expansion in jq⃗j ≪ mc ∼mb, i.e., the small-velocity
limit, and inΛQCD ≪ mc ∼mb, the heavy-quark expansion.
The first and the second sum rules are obtained inserting in



















× δðq0− q̃0maxÞ; ð8Þ




is the maximum energy of
the leptonic system in the free quark approximation. We
then expand the heavy-meson masses appearing in ω in
terms of heavy-quark masses:




withH ¼ BðÞ; DðÞ,Q ¼ b, c and dH ¼ 3 (dH ¼ −1) for a
pseudoscalar (vector) meson. Keeping the leading terms










The third sum rule is obtained by employing in (6) the
differential rate computed up to Oð1=m2bÞ in the HQE (see,





Even if these sum rules are obtained with a V − A weak
current, the leading term of the ratios In=I0 is actually
independent on the specific current mediating the b → c
transition. This is a consequence of the heavy-quark
symmetries [27–29] in the infinite mass limit.
Let us now discuss how the sum rules are modified once
radiative corrections are included. At tree level only the
peak at the end point of the partonic spectrum—the δ
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function in (8)—contributes. Radiative corrections add a
perturbative tail corresponding to the additional emission of
gluons in the final state. In this case, it is mandatory to
introduce a Wilsonian cutoff μ in order to separate gluons
with energy smaller than μ, that should be treated as soft
and belonging to the nonperturbative regime, and hard
gluons that can be described in perturbative QCD. We must

















































The integrals on the right-hand sides correspond to the
perturbative contribution with gluons of total energy greater
than μ. For this reason the value of μ must be chosen
large enough to justify the applicability of perturbative
QCD: ΛQCD ≪ μ ≪ mB.
In the end, the SV sum rules provide an operative
definition on how to extract Λ̄, μ2π , etc., from the meas-
urement of physical spectra. Note that since the moments In
are independent on μ, Eqs. (14) and (15) show that Λ̄ðμÞ
and μπðμÞ change under the variation of the Wilsonian
cutoff. Their running is not logarithmic but instead
powerlike.
At the same time, the SV sum rules give us an
unambiguous procedure for the definition of mQ via the
relation between heavy-quark and heavy-meson mass:
mQðμÞ ¼ MH̄ − Λ̄ðμÞ −
μ2πðμÞ
2mQðμÞ
þ    ; ð16Þ
which shows that any conceivable short-distance definition
of the heavy-quark mass must necessarily include a cutoff
μ. Note that there is no μG term on the right-hand side of
Eq. (16) since it cancels after averaging over H and H
mesons: MH̄ ≡ ðMH þ 3MH Þ=4. The quantities Λ̄ðμÞ and
μ2πðμÞ can be obtained by taking the ratios between SV sum
rules and evaluating them in the infinite heavy-quark mass











































where jv⃗j ≪ 1 is the velocity of the quark in the final state.
The SV sum rules give an insight on how to avoid the
appearance of large ðnαsÞk corrections in semileptonic
rates, as those affecting the MS mass definition. The
authors of Ref. [14] employed the SV sum rules to show
that the dependence on the fifth power of the meson mass
(M5B), that one would naively expect for the total semi-
leptonic width, is actually substituted by the heavy-quark
mass (raised to the fifth power), which becomes the




ðMB − Λ̄Þ5: ð19Þ
There is a cancellation of the infrared contribution in the
semileptonic width: Γsl is insensitive to long-distance
effects responsible for the heavy-meson binding energy.
So far our discussion focused on the SV sum rules for
meson decays. Let us now turn our attention to perturbative
QCD and how the SV sum rules can be employed to give a
short-distance definition of the heavy-quark mass relevant
for perturbative calculations. It was observed in [14] that
the same kind of cancellation of infrared contribution to Γsl
happens in perturbative QCD, granted that we substitute
each term in Eq. (16) with its perturbative version:
mQðμÞ → mkinQ ðμÞ; MH̄ → mOSQ ;
Λ̄ðμÞ → ½Λ̄ðμÞpert; μ2πðμÞ → ½μ2πðμÞpert: ð20Þ
The role of the scale-independent heavy-meson mass is
played in this case by the pole mass mOSQ , while the
perturbative versions of Λ̄ and μ2π are obtained utilizing
the same set of SV sum rules presented before, with the
difference that the rate has to be computed in perturbative
QCD. This provides us with a scale-dependent short-
distance mass definition for heavy quarks, the “kinetic
mass” mkinQ [14] which is given by
mkinQ ðμÞ ¼ mOSQ − ½Λ̄ðμÞpert −
½μ2πðμÞpert
2mkinQ ðμÞ
−    ; ð21Þ
where the ellipses stand for higher-order 1=mkinQ terms.
Note that in this definition the renormalon ambiguity
present in the on-shell mass cancels against the ones in
Λ̄ and μ2π . The quantities ½Λ̄ðμÞpert and ½μπðμÞpert can be
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computed by considering the heavy-quark transition
Q → Q0 induced by a generic current J ¼ Q̄0ΓQ in the
heavy-quark (mQ;Q0 → ∞) and SV (v⃗ ¼ q⃗=m0Q) limits.
In the following we will consider a generic scattering
JQ → Q0 of an external current J on the heavy quarkQ. As
said before, the nature of the current J is irrelevant since the
final result does not depend on it. Below we will consider a
scalar and a vector current. Moreover, for simplicity, we
consider the case Q ¼ Q0.
Note that the relation between the kinetic mass and the
MS mass is obtained after inserting the mOS − m̄ relation
into Eq. (21). For our purpose we need this relation to three-
loop accuracy [30–34].
From now on for simplicity, let us identify the heavy
quark Q with the bottom quark b. We denote the external
momentum of the bottom by pμ ¼ ðmb; 0⃗Þ with p2 ¼ m2b,























μWðω; v⃗Þdω ; ð22Þ
where W is the structure function, which is obtained from
the imaginary part of the forward-scattering amplitude T







For later convenience, we separate the energy and the three-
momentum components of the external momentum q.
For the scattering process that we consider in the
following, we must define the excitation energy ω, i.e.,
the sum of all final state gluons’ and quarks’ energies, as2













is the threshold value obtained from the condition s ¼ m2b;
for a smaller value of s the structure function W is zero.
From now on we consider W as a function of ω and v⃗. Its
generic expression can be written as





where Wel describes the elastic Jb → b transition which
receives contributions from tree-level and virtual diagrams.
Wreal comes from real emissions in the limit of small v⃗2 and
ω. Both contributions can be computed as a series in the






i . The expansion
starts at n ¼ 0 forWel (tree level) while forWreal it starts at





















From Eq. (28) it is clear that we expand W at most up to
order v⃗2 because higher orders are eliminated by the limit
v⃗ → 0. Moreover, we retain only the leading 1=ω term
since higher orders, which scale as ðω=mbÞn, are eliminated
by the limit mb → þ∞. Due to the factors ωk (k ¼ 1 for Λ̄
and k ¼ 2 for μ2π) in the integrand of the numerator it is
furthermore clear that the δ-functiondistribution inEq. (27) is
only present in the denominator. As a consequence the virtual
corrections are needed to one order less than the real radiation
contributions. Vice versa, we can discard real corrections at
the denominator since, after expansion in αs, they become of
order v⃗4 and so eliminated by the v⃗ → 0 limit.
From Eqs. (21) and (22), we conclude that the calcu-
lation of the kinetic mass up to order α3s reduces to the
computation of the functionWrealðωÞ in Eq. (27). Two-loop
virtual corrections to the heavy-quark form factors are
known (cf. Sec. III D). WrealðωÞ describes the dipole
radiation (cf. classical electrodynamics). It is obtained
from the imaginary part of the forward-scattering amplitude
Tðq0; q⃗Þ of a bottom quark onto an external current J.
Examples of Feynman diagrams at one, two and three loops
are shown in Fig. 1.
Furthermore, for the practical calculation it is convenient
to express the nonrelativistic quantities ω and v⃗ in terms of
Lorenz invariants. To this end we introduce





















¼ −mbv⃗2ðmb − ωÞ þOðω2; v⃗4Þ: ð30Þ
From these definitions, one can see that we can realize the
nonrelativistic limits limv⃗→0 and limmb→∞ by expanding the
2Although we use the same letter as for the decay in Eq. (7)
there should be no confusion possible. From now on only the
excitation energy in Eq. (25) is of relevance.
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amplitude T around the threshold s ¼ ðpþ qÞ2 ¼ m2b and a
subsequent expansion in q. In fact, we interpret limmb→∞ as
an expansion in the quantity
y ¼ m2b − s ≤ 0; ð31Þ
which we realize with the help of expansion by regions
[17,18]. The expansion v⃗ → 0, on the other hand, reduces to
a naive Taylor expansion in q. From the definition of the
kinetic mass and the relations in Eqs. (29) and (30) it is clear
that we only have to consider terms up toOðy−1Þ andOðq2Þ.
Note that the two limits limv⃗→0 and limmb→∞ do not
commute. In case we apply first limv⃗→0 to T there is no
imaginary part.
III. DETAILS OF THE CALCULATION
In this section we provide technical details to our calcu-
lation and discuss in particular the application of the method
of regions [17], the reduction to master integrals and the
computation of the latter. We remark that in Ref. [15] no
technical details for the calculation to Oðα2sÞ are provided.
A. Method of regions
From Eqs. (21) and (22) we know that we have to
compute the imaginary part of Tðω; v⃗Þ in the limit
mb → ∞, which corresponds to an expansion around
y → 0. To this end, we apply the threshold expansion
developed in Ref. [17]; see also Ref. [18]. Reference [17]
considered the threshold expansion of the heavy-quark–
photon vertex and identified four different scalings for the
loop momenta: hard, soft, potential and ultrasoft. In our
case, we only have to consider the threshold of one heavy
quark. Thus, the soft and potential regions lead to scaleless
integrals, which are set to zero within dimensional regu-
larization. We remain with two regions (hard and ultrasoft)
for each loop momentum ki (i ¼ 1, 2, 3) with the scalings
hard ðhÞ∶ ki ∼mb;
ultrasoft ðusÞ : ki ∼ y=mb; ð32Þ
where mb is the heavy-quark mass and y ¼ m2b − s (with
jyj ≪ m2b) measures the distance to the threshold. Note that
in our case we have y < 0. When expanding the denom-
inators we assume that both p and q scale as mb.
At one-looporder, there are only two regions.At two loops,
we have the regions (uu), (uh) and (hh), and at three loops we
have (uuu), (uuh), (uhh) and (hhh). For eachdiagram,wehave
cross-checked the scaling of the loop momenta using the
program ASY [35]. Note that the contributions where all loop
momenta are hard can be discarded since there are no
imaginary parts. The mixed regions are expected to cancel
after renormalization and decoupling of the heavy quark from
the running of the strong coupling constant. Nevertheless we
performed an explicit calculation of the (uh), (uuh) and (uhh)
regions and used the cancellation as a cross-check. The
physical result for the quark mass relation is solely provided
by the purely ultrasoft contributions.
A subtlety in connection with the expansion of the
denominators arises at two and three loops where either an
individual loop momentum or a linear combination of loop
momenta can have a definite scaling. Let us call “naive
regions” those that can be obtained by assigning a definite
scaling to the loop momenta according to Eq. (32), e.g., at
two loops (uu) ≡k1; k2 ∼ y=mb, (hu) ≡k1 ∼mb and
k2 ∼ y=mb, and (hh) ≡k1; k2 ∼mb.
In case a linear combination of loop momenta flows
through a gluon line, it might happen that fewer regions are
found than actually exist. No such problem appears with
the (heavy) quark lines since they always have a hard
component.
Let us, e.g., consider the two-loop diagram in Fig. 2 and
let us assume that k1 þ k2 flows through one of the gluon
lines, as shown in Fig. 2(a). If both loop momenta are
ultrasoft, there is no problem. In case k1 is hard and k2 is
ultrasoft, the gluon line is always hard and there is no
imaginary part. Thus one has to consider the case where
k1 þ k2 is ultrasoft and both k1 and k2 are hard. On the
contrary, if we consider the momentum routing shown in
Fig. 2(b), the gluon line can be ultrasoft k2 ∼ y=mb, while
(a) (b)
FIG. 2. Two possible momentum routings of a two-loop
diagram. The naive regions in the first case (a) do not correspond
to all regions while the routing in (b) correctly reveals all regions.
FIG. 1. Sample Feynman diagrams for the scattering process of an external current (wavy line) and a heavy quark (solid line). Gluons
are represented by curly lines.
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the other gluon can be hard k1 ∼mb. With this second
routing we see that the naive regions cover all possibilities.
Therefore for certain choices of momentum routing, the
restriction of the scaling to individual loop momenta might
miss some of the regions as it ignores potential ultrasoft
scaling of linear combinations.
To be sure that we considered all relevant regions, we
proceeded as follows: for each diagram we checked that the
number of naive regions and the scaling of individual loop
momenta according to Eq. (32) agree with those found by
ASY [35]. If we found fewer regions, then we rerouted the
loop momenta through the gluon lines, applied the scaling
rules and checked again against ASY.
As mentioned before, we have to compute the expan-
sions of the individual diagrams up to Oðy−1; q2Þ. The
expansion in y is implemented with the help of expansion
by regions and we thus have a definite power counting for
the leading behavior in y for individual terms. However, the
Taylor expansion in the momentum q is effectively an
expansion in the scalar products
q2 and p · q ¼ − 1
2
ðyþ q2Þ: ð33Þ
In order not to miss terms up to the desired order, we have
to expand sufficiently deep in q. Since the worst scaling in
the ultrasoft region is ∼y−1, we have to consider two terms
in the q expansion at least. The mixed regions at three-loop
order show a behavior ∼y−3. Here we have to consider up to
six terms in the q expansion, which leads to high numerator
and denominator powers.
B. Singlet-type diagrams
Let us in the following discuss the diagrams where one or
both external currents couple to a closed massive fermion
loop, which is connected to the external heavy-quark line via
gluons. We refer to these contributions as “singlet-type”
diagrams. They occur for the first time at two loops.
The momentum p is always routed through the heavy-
quark line. As we have seen above, a diagram develops an
imaginary part only in those cases where the external
heavy-quark line is part of a ultrasoft loop and carries the
external momentum pþ q, which leads to a “−y” term in
the denominator.
At two loops singlet-type diagrams appear in twoversions:
(i) One external current couples to a quark triangle
which is connected with two gluons to the external
heavy-quark line [see Fig. 3(a)]. The other external
current is directly connected to the latter.
Such contributions have no heavy-quark line
which is part of a ultrasoft loop and carries the
momentum pþ q. In fact, the application of the
method of regions together with the condition that at
least one of the loops is ultrasoft immediately leads
to scaleless integrals. For vector currents, such
contributions are zero due to Furry’s theorem.
(ii) In a second class of diagrams, the two external
currents couple to a quark box which is connected
with two gluons to the external heavy-quark line [see
Fig. 3(b)]. Again, no imaginary part can be devel-
oped at the threshold s ¼ m2b.
At three loops there are the same two classes of Feynman
diagrams as at two loops, supplemented by an additional
gluon. After applying the same arguments it is easy to see
that also here no contribution to the imaginary part of
Tðq0; q⃗Þ in Eq. (24) can be constructed, with the exception
of diagrams like that one in Fig. 3(c). In these diagrams,
one of the currents couples to a quark triangle that is
connected to the external heavy-quark line with two gluons.
An additional gluon couples only to the (external) heavy
quark forming the third loop. In that case, the first two
loops can be hard and the third loop develops an imaginary
part in analogy to the one-loop contribution.
Note that due to Furry’s theorem, these kind of diagrams
vanish for external vector currents. However, for the scalar
currents they lead to nonzero contributions. We have
checked that they cancel against the virtual corrections,
which at two-loop order also have contributions from
singlet diagrams; see Sec. III D.
There is also a three-loop contribution where both
currents are connected to different closed fermion loops
[Fig. 3(d)] that are connected to each other and to the
external heavy-quark line. Here the loop momenta of the
closed quark loops are hard, but the third loop momentum
can be ultrasoft and in principle produce an imaginary part.
However, an explicit calculation shows that these kind of
diagrams scale∼y0 and therefore do not enter in the relation
for the kinetic mass.
(a) (b) (c) (d)
FIG. 3. Sample singlet-typeFeynmandiagrams. The external currents are drawnwithwavy lines, heavyquarkswith solid lines and gluons
are represented by curly lines. Diagrams (a), (c) and (d) are zero for an external vector current but not for an external scalar current.
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C. Vector and scalar currents
As external currents, we use for our calculation both a
vector and a scalar current which in coordinate space are
given by
JμV ¼ b̄ðxÞγμbðxÞ;
JS ¼ mbb̄ðxÞbðxÞ: ð34Þ
In the case of JS we introduce the factor m such that JS has
vanishing anomalous dimension. Note that m enters the
same renormalization procedure as the mass parameter in
the heavy-quark propagators.
In spinor space the amplitude T can be written as
(ignoring Lorentz indices for an external vector current)
T ¼ pΣV þmbΣS. We multiply by pþmb and take the
trace. This leads to
Tr½ðpþmbÞT ¼ 4m2bðΣV þ ΣSÞ: ð35Þ
In the case of JV the forward-scattering amplitude T
becomes a tensor of rank 2 and can be parameterized




















We have used the symmetry of the forward-scattering
amplitude Tμν ¼ Tνμ and the transversity qμTμν ¼
qνTμν ¼ 0.
One can construct projectors on TA and TB which can be





Pμν2 ¼ gμν: ð38Þ
We find









2ððd − 2Þðp · qÞ2 þm2bq2Þ









ðPμν2 − dPμν1 Þ; ð39Þ
ðd− 2ÞPμνB ¼
ðd− 1Þm2bp · qðq2Þ2
ððp · qÞ2 −m2bq2Þ2
Pμν1 þ
p · qq2





ðPμν2 − ðd− 1ÞPμν1 Þ: ð40Þ
For both projectors the limits for y → 0 and q2 → 0 exist.
Thus, in practice we can simply apply Pμν1 and P
μν
2 and
construct the physical structure functions afterward by
considering the proper linear combinations. It is interesting
to note that Pμν1 and P
μν
2 applied to T
μν lead to a scaling
∼1=y. For this reason the term Pμν2 − P
μν
1 in Eq. (39) has to
vanish and both PμνA and P
μν
B (considered as linear combi-
nations of Pμν1 and P
μν
2 ) have to scale ∼y in the limit
q2 → 0. As a consequence, we can apply either Pμν1 or P
μν
2
to compute the kinetic mass. The difference to the appli-
cation of proper linear combinations (i.e., PA and PB) is a
d- and m-dependent prefactor which drops out in the
definition of the quantities Λ̄ðμÞ and μ2πðμÞ from Eq. (22).
D. Virtual corrections
Virtual corrections enter the denominator of Eq. (28). For
the two- and three-loop kinetic mass we need one- and two-
loop virtual corrections, respectively. Furthermore, we only
need the static limit (q2 ¼ 0), which can be obtained, e.g.,
from [36,37]. Note that in this limit the form factors are
infrared finite (as are the real radiation corrections which
we compute).
For the case of the vector current the effective vertex ΓVμ
can be expressed in terms of two form factors contributing









with σμν ¼ i2 ½γμ; γν. After inserting ΓVμ into the tree-level
expression, we see that the contribution of the virtual
corrections is given by
Vi ¼ δðyÞTr½ðpþmbÞΓVμ ðpþ qþmbÞΓVν Pμνi ; ð42Þ
with Pμν1 ¼ pμpν=m2b and Pμν2 ¼ gμν. The delta function
δðyÞ ensures that we have s ¼ m2b. We find
V1 ¼ δðyÞ



















From the definition of the kinematic mass we see that
virtual corrections always multiply lower-order real emis-
sions (which vanish for q2 → 0). Therefore only the non-
vanishing parts of Eq. (43) in the limit q2 → 0 contribute,
which is proportional to jF1j2. Note, however, that F1 has a
vanishing static limit to all orders in perturbation theory
F1ðq2 ¼ 0Þ ¼ 0 and thus the kinetic mass does not receive
contributions from virtual corrections in the case of an
external vector current.
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This is different for the scalar current. We define
ΓS ¼ −iFS; ð44Þ
which leads to
VS ¼ δðyÞjFSj2½8m2b − 2q2: ð45Þ
Since FSðq2 ¼ 0Þ ≠ 0we are left with a nonvanishing contribution. For the three-loop correction to the mkin−mOS relation









































































with lm ¼ lnðμ2s=m2bÞ and l2 ¼ lnð2Þ. CA ¼ NC and CF ¼
ðN2C − 1Þ=ð2NCÞ are SU(NC) color factors, TF ¼ 1=2, nl is
the number of massless quarks and nh ¼ 1 is introduced for
convenience for closed loops of fermions with mass mb.
The last term in Eq. (46) corresponds to the contributions
from singlet-type diagrams. Note that our final result does
not depend on the renormalization scheme used for the
external currents. In fact, the vector current does not get
renormalized and in the case of the scalar current we
renormalize the mass parameter mb introduced in Eq. (34)
in the MS scheme.
E. Partial fraction decomposition
The starting point of our calculation are four-point
functions with forward-scattering kinematics. After we
Taylor expand in q, we remain with only one external
momentum, which is present in the denominators. Thus, at
most two, five and nine denominators can be linear
independent at one, two and three loops, respectively.
On the other hand, general four-point functions contain
up to four, seven and ten lines and thus, in general, a partial
fraction decomposition is required, which decomposes
products of linear-dependent propagators into terms with
only linear-independent factors.
At one- and two-loop order, it is straightforward to
implement the partial fraction decomposition manually.
However, at three loops many different cases appear and an
automation of the procedure is recommended. In our
calculation we use the program LIMIT developed by
Herren [38,39]. The program is written in Mathematica
and internally uses LiteRed [40]. Let us briefly summarize its
mode of operation.
We start by grouping diagrams according to their
denominator structure into preliminary families, which
we supplement with irreducible numerators in order to
have complete families. This is a necessary step for the
reduction to master integrals which is performed at a later
stage. Note that some of the denominators can still be
linearly dependent. Furthermore, at this step we do not
apply any symmetry transformation to minimize the num-
ber of different families. The goal of the program is to find
all relations due to partial fraction decomposition.
Afterward the resulting set of families is minimized.
In the first part the program goes through the list of
denominators of each family, selects those that are linearly
dependent and produces replacement rules that allow for
partial fraction decomposition after their iterative applica-
tion. This step has to be applied recursively to ensure that
all denominators are linearly independent. Note that partial
fraction decomposition increases the number of families. In
our application we start at two loops with f48; 16g in the
fðuuÞ; ðuhÞg regions and we end up with f90; 23g families
with linearly independent denominators. At three loops, we
have f510; 339; 314g families in the fðuuuÞ; ðuuhÞ; ðuhhÞg
regions which result in f2650; 906; 531g families after
partial fraction decomposition.
Many of the resulting families are equivalent and can be
mapped onto each other. The second part of the program
finds these relations and provides rules to map the scalar
integrals into a minimal set of families. The program relies
on LiteRed to find these rules. In general the program has to
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find two types of mappings. The first type corresponds to
mappings between families that differ only by their
momentum routing. These mappings are obtained by
computing the U and F polynomials for all families and
using the LiteRed command FindExtSymmetries[] to map all
families with the same polynomials to a representative one.
The second type corresponds to mappings of families with
a larger number of numerators onto families with fewer
numerators but more denominators. All replacement rules
can be exported to FORM [41] statements.
In total we find f2; 2g families in the fðuuÞ; ðuhÞg
regions at two loops and at three-loop order f14; 4; 3g in
the fðuuuÞ; ðuuhÞ; ðuhhÞg regions, respectively. Their def-
initions are given in the next subsection.
F. Integral families and reduction
to master integrals
After partial fraction decomposition and mapping of
equivalent families to each other, we are left with only a
small number of families. In general they have a number of
irreducible numerators which are either formed by the
scalar product of the loop momenta with the external
momenta ki · q, ki · p or scalar products of loop momenta
ki · kj. They appear in particular in those cases where both
hard and ultrasoft regions are present since the integrals
factorize. In principle one can apply a tensor decomposition
to get rid of such scalar products. However, we chose to
include them into the definition of the integral families.
Thus, also for the cases where the (two- and three-loop)
integrations factorize we pass the corresponding scalar
functions to the reduction programs LiteRed [40] and Fire
[42], which means that effectively the tensor reduction is
performed by these programs. Note that in such cases all
master integrals factorize into a hard and ultrasoft part.
Since the expansions in the mixed regions have to be
quite deep in order to calculate the diagrams up to
Oðy−1; q2Þ, the indices of the scalar integrals become
large. In the mixed regions, we had to reduce about 106
integrals with the absolute value of the indices reaching up
to 12. In the ultrasoft region, we only had to reduce about
105 scalar integrals with indices reaching up to 6.
Nevertheless, reducing these integrals using either LiteRed
or Fire took roughly 2 days. We observed that in particular in
the mixed regions LiteRed performed better in those cases
where high numerator and denominator powers had to be
reduced.
In the following we provide the definition of the integral
families up to three loops where the factors after the
semicolon correspond to numerators. We do not show
the “−i0” prescription which is present in all denominator
factors. At two- and three-loop order we have both the
pure-ultrasoft and the mixed hard-ultrasoft regions.
At one-loop order we only have one family which is
given by
fam1lu∶ − k21;−2k1 · pþ y;−k1 · q
At two loops we have two families in the (uu) region:
fam2luu1∶ − k21;−ðk1 − k2Þ2;−k22;−2p · k1 þ y;−2p · k2 þ y; −q · k1;−q · k2;
fam2luu2∶ − k21;−ðk1 − k2Þ2;−k22;−2p · k1 þ y;−2p · k2; − q · k1;−q · k2;
and one family in the uh region:
fam2luh1∶ − k21;−k22;−ðk2 þ pÞ2 þm2b;−2p · k1 þ y; −k1 · k2;−k1 · q;−k2 · q:
Here also the scalar product k1 · k2 is an irreducible numerator. For the calculation with a massive charm quark (see
Sec. IV) we have in addition the following family:
fam2luh2∶ − k21;−k22 þm2c;−2p · k1 þ y; −k1 · k2;−k2 · p;−k1 · q;−k2 · q:
At three loops we have 14 families in the (uuu), two in the
(uuh) and two in the (uhh) regions for the calculation with a
massless charm quark. A massive charm quark requires two
and one additional families in the (uuh) and (uhh) regions,
respectively. All definitions are given in Table I.
G. Master integrals
After reduction to master integrals and their subsequent
minimization across all families, the amplitude can be
expressed in terms of one, three and 20 ultrasoft master
integrals at one-, two- and three-loop order, respectively.
Many of them can be computed introducing Feynman
parameters and integrating step by step, even for general
dimension d ¼ 4 − 2ϵ. In the following we denote them by
the letter I. Master integrals in the mixed regions are
denoted by the letters J and K.
At one- and two-loop order the results for the master
integrals are given by
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¼ Nðm2bÞd=2−1Γð1 − d=2Þ; ð47Þ
and
TABLE I. Three-loop integral families in the (uuu), (uuh) and (uhh) regions. The factors after the semicolon correspond to numerators.
fam3luuu1: −k21;−k22;−k23;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k1 þ y;−2p · k2 þ y;−2p · k3 þ y;
−k1 · k2;−q · k1;−q · k2;−q · k3
fam3luuu2: −k21;−k22;−ðk1 − k2Þ2;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k1 þ y;−2p · k2 þ y;−2p · k3 þ y;
−k23;−q · k1;−q · k2;−q · k3
fam3luuu3: −k21;−k22;−k23;−ðk1 − k2Þ2;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k1 þ y;−2p · k2 þ y;
−p · k3;−q · k1;−q · k2;−q · k3
fam3luuu4: −2p · k2;−k22;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−ðk1 − k2 − k3Þ2;−2p · k1 þ y;−2p · k3 þ y;
−k21;−q · k1;−q · k2;−q · k3
fam3luuu5: −2p · k1;−2p · k2;−k22;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−ðk1 − k2 − k3Þ2;−2p · k3 þ y;
−k21;−q · k1;−q · k2;−q · k3
fam3luuu6: −k21;−2p · k2;−k22;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−2p · k1 þ y;−2p · k3 þ y;
−k2 · k3;−q · k1;−q · k2;−q · k3
fam3luuu7: −2p · k1;−k21;−2p · k2;−k22;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−2p · k3 þ y;
−k2 · k3;−q · k1;−q · k2;−q · k3
fam3luuu8: −2p · k1;−k21;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k2 þ y;−2p · k3 þ y;
−k22;−q · k1;−q · k2;−q · k3
fam3luuu9: −2p · k1;−k21;−2p · k2;−ðk1 − k2Þ2;−k23;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k3 þ y;
−k22;−q · k1;−q · k2;−q · k3
fam3luuu10: −k21;−2p · k2;−k22;−ðk1 − k2Þ2;−k23;−ðk1 þ k3Þ2;−ðk2 þ k3Þ2;−2p · k1 þ y;
−p · k3;−q · k1;−q · k2;−q · k3
fam3luuu11: −2p · k1;−k21;−k22;−ðk1 − k2Þ2;−2p · k3;−k23;−ðk2 − k3Þ2;−2p · k2 þ y;
−k1 · k3;−q · k1;−q · k2;−q · k3
fam3luuu12: −2p · k1;−k21;−2p · k2;−k22;−ðk1 − k2Þ2;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−2p · k3 þ y;
−k23;−q · k1;−q · k2;−q · k3
fam3luuu13: −k21;−k22;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−ðk1 þ k2 − k3Þ2;−2p · k1 þ y;−2p · k2 þ y;−2p · k3 þ y;
−k23;−q · k1;−q · k2;−q · k3
fam3luuu14: −2p · k1;−k21;−2p · k2;−k22;−ðk1 − k3Þ2;−ðk2 − k3Þ2;−ðk1 þ k2 − k3Þ2;−2p · k3 þ y;
−k23;−q · k1;−q · k2;−q · k3
fam3luuh1: −k21;−k22;−ðk1 − k2Þ2;−k23;−ðk3 þ pÞ2 −m2b;−2p · k1 þ y;−2p · k2 þ y;
−k1 · k3;−k2 · k3;−q · k1;−q · k2;−q · k3
fam3luuh2: −k21;−k22;−2p · k1 þ 2p · k2;−ðk1 þ k2Þ2;−k23;−ðk3 þ pÞ2 −m2b;−2p · k2 þ y;
−k1 · k3;−k2 · k3;−q · k1;−q · k2;−q · k3
fam3luuh3: −k21;−k22;−ðk1 − k2Þ2;−k23 þm2c;−2p · k1 þ y;−2p · k2 þ y;
−k1 · k3;−k2 · k3;−p · k3;−q · k1;−q · k2;−q · k3
fam3luuh4: −k21;−k22;−ðk1 − k2Þ2;−k23 þm2c;−2p · k1 þ y;−2p · k2;
−k1 · k3;−k2 · k3;−p · k3;−q · k1;−q · k2;−q · k3
fam3luhh1: −k21;−k22;−2p · k2 þ k22;−k23;−2p · k3 þ k23;−2p · k2 þ 2p · k3 þ k22 þ 2k2 · k3 þ k23;−2p · k1 þ y;
−k1 · k2;−k1 · k3;−q · k1;−q · k2;−q · k3
fam3luhh2: −k21;−k22;−2p · k2 þ k22;−k23;−2p · k3 þ k23;−k22 − 2k2 · k3 þ k23;−2p · k1 þ y;
−k1 · k2;−k1 · k3;−q · k1;−q · k2;−q · k3
fam3luhh3: −k21;−k22;−2p · k2 þ k22;−k23 þm2c;−ðk2 − k3Þ2 þm2c;−2p · k1 þ y;
−k1 · k2;−k1 · k3;−p · k3;−q · k1;−q · k2;−q · k3






































N ¼ ið4πÞd=2 : ð49Þ
Note that the last integral originates from the (uh) region
and factorizes into a massive tadpole integral and the
one-loop ultrasoft master integral. Graphical representation
of the ultrasoft one- and two-loop master integrals can be
found in Fig. 4.
Also at three loops, 11 (out of 20) master integrals can be
expressed in term of Γ functions and are thus available to all
orders in ϵ. They are given by
I3l1 ¼ N3y3d−7ðm2bÞ3−3d=2Γ3ðd=2 − 1ÞΓð7 − 3dÞ;
I3l2 ¼ N3y3d−8ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓ2ð3 − dÞΓð8 − 3dÞ
Γð6 − 2dÞ ;
I3l3 ¼ N3y3d−8ðm2bÞ3−3d=2Γ3ðd=2 − 1ÞΓð3 − dÞΓð5 − 2dÞ;
I3l4 ¼ N3y3d−9ðm2bÞ4−3d=2
Γ4ðd=2 − 1ÞΓ2ð2 − d=2ÞΓð3d=2 − 4ÞΓð9 − 3dÞ
Γ2ðd − 2ÞΓð4 − dÞ ;
I3l6 ¼ N3y3d−9ðm2bÞ3−3d=2Γ3ðd=2 − 1ÞΓ3ð3 − dÞ;
I3l8 ¼ N3y3d−8ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓð3 − dÞΓð2d − 5ÞΓð8 − 3dÞ
Γðd − 2Þ ;
I3l9 ¼ N3y3d−8ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓð5 − 2dÞΓð3d − 7ÞΓð8 − 3dÞ
Γðd − 2Þ ;
I3l10 ¼ N3y3d−8ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓð3 − dÞΓð3d − 7ÞΓð8 − 3dÞ
Γð2d − 4Þ ;
I3l13 ¼ N3y3d−9ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓð3 − dÞΓð2d − 5ÞΓð6 − 2dÞΓð3d − 8ÞΓð9 − 3dÞ
Γ2ðd − 2Þ ;
I3l15 ¼ N3y3d−9ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓ2ð3 − dÞΓð2d − 5ÞΓð6 − 2dÞ
Γðd − 2Þ ;
I3l17 ¼ N3y3d−9ðm2bÞ3−3d=2
Γ3ðd=2 − 1ÞΓ2ð3 − dÞΓð3d − 8ÞΓð9 − 3dÞ
Γðd − 2Þ ; ð50Þ
FIG. 4. The one- and two-loop master integrals for the double ultrasoft region. Dashed lines represent massless propagators, while
solid lines and double lines represent the linear massive (2p · ki − y) and massless (2p · ki) HQET-like propagators, respectively, with
p2 ¼ m2b and the loop momentum ki (i ¼ 1, 2).
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where the corresponding integral representation is easily
obtained from the pictures shown in Fig. 5. In Appendix C,
we provide auxiliary integrals useful to obtain the results in
Eq. (50).
For the remaining nine integrals in the (uuu) region, we
obtained analytic results for the ϵ expansion with the help
of the Mellin-Barnes method [18]. We managed to derive
up to four-dimensional representations. In the case of one-
and two-dimensional Mellin-Barnes representations (which
applies to seven master integrals) we computed the ϵ
expansion by closing the integration contour and summing
up the residues analytically with the packages Sigma [43]
and EvaluateMultiSums [44] together with HarmonicSums [45].
For the analytic manipulation of the Mellin-Barnes inte-
grals, the program package MB [46,47] was very useful.
Additionally, we managed to obtain high-precision numeri-
cal results and use the Partial Sum of Least sQuares [48]
algorithm to reconstruct the analytic expressions. To obtain
these results for higher-dimensional integrals, the program
mpmath [49] was used. All of our analytic expressions were
cross-checked using the program FIESTA [50].
For themaster integral I3l11, weobtained initially a threefold
Mellin-Barnes representation, which could be reduced to a
twofold representation by applyingBarnes-Lemmas after the
ϵ expansion. Then we proceeded as described above.
The only master integral we were not able to determine
with Mellin-Barnes methods to the necessary order in ϵwas
I3l7 . We mention that we calculate I
3l
7 up to transcendental
weight 5, i.e., one order higher then needed for the current
calculation. The higher-order terms are necessary for the
calculation in [51]. For the calculation of I3l7 it was
necessary to apply a different strategy. For this integral,
we introduced a second mass scale x in the bottom-middle
and bottom-right propagator. When this mass is zero
(x ¼ 0), the integral reduces to I3l14 which can be obtained
by Mellin-Barnes methods. Thus, we constructed a set of
differential equations [52–54], applied boundary conditions
at x ¼ 0, and evaluated the solution at x ¼ 1, which
provided the desired integral. More details on the compu-
tation are given in Appendix B.
The analytic results for the ϵ expansion of the remaining
ninemaster integrals—ordered according to complexity—are
FIG. 5. The three-loop master integrals for the triple ultrasoft region. The same notation as in Fig. 4 is used.










Γð3 − dþ wÞΓð6þ w − 2dÞΓð9 − 3dþ wÞΓð3d − 8 − wÞΓð−wÞ
Γð4 − dþ wÞ
¼ N3y3−6ϵðm2bÞ3ϵ−3
Γ3ðd=2 − 1ÞΓð3 − dÞΓð6 − 2dÞΓð2d − 5ÞΓð9 − 3dÞ
Γð4 − dÞ 3F2

6 − 2d; 3 − d; 2d − 5

































































Γ3ðd=2 − 1ÞΓð3 − dÞΓ2ð6 − 2dÞΓð9 − 3dÞ
Γð4 − dÞΓð12 − 4dÞ 3F2

6 − 2d; 6 − 2d; 3 − d





































































Γ2ðd=2 − 1ÞΓð10 − 3dÞΓð3d − 9Þ







Γð−wÞΓðd − 3 − wÞΓð2d − 6 − wÞΓðd=2 − 1þ wÞΓð2 − d=2þ wÞΓð7 − 2dþ 2wÞ





















































































dw2ðΓð−w1ÞΓðd=2 − 2 − w1ÞΓð5 − dþ 2w1ÞΓðd − 4 − w1ÞΓð1þ w1Þ × fw1 ↔ w2gÞ
×
Γðd=2þ w1 þ w2Þ





































Γð−w1ÞΓð1þ w1ÞΓðd=2 − 2 − w1ÞΓð7 − 2d − w1ÞΓð2d − 6þ 2w1Þ
× Γð−w2ÞΓð1þ w2ÞΓðd=2 − 2 − w2ÞΓð5 − dþ 2w2ÞΓðd − 4 − w2Þ
Γðd=2þ w1 þ w2Þ







































































Γðd − 3 − w1ÞΓðd=2 − 1þ w1ÞΓð−w2ÞΓðd − 2þ 2w1 þ w2Þ
× Γð2 − d=2þ w1 þ w2Þ
Γð7 − 2dþ 2w1 þ w2ÞΓð3 − d − 2w1 − w2Þ



































































Γð9 − 3dÞΓðd=2 − 1Þ












× ½Γðd − 3 − w1ÞΓð1þ w1ÞΓð2d − 5þ w1ÞΓðd=2 − 2 − w2ÞΓðd − 3þ w1 − w2Þ
×
Γðw2 þ 1ÞΓðd=2þ w2ÞΓð4 − d − w1 þ 2w2Þ












































× Γðw1þ 1ÞΓðw3 þ 1ÞΓðd=2 − w1 − 2ÞΓðd − w1 − 4ÞΓð−dþ 2w1 þ 5ÞΓð3d − w2 − 10Þ
× Γð−3dþ w2 þ 11ÞΓðd=2 − w3 − 2ÞΓðd=2þ w1 þ w3Þ
×
Γðd − w2 − w3 − 4ÞΓð−dþ w2 þ 2w3 þ 5Þ

























































× Γðz1 þ 1ÞΓðz2 þ 1ÞΓðd=2 − z1 − 2ÞΓðd=2 − z2 − 2ÞΓðd − w1 − z1 − 4Þ
× Γðd − w2 − z2 − 4ÞΓð−dþ w1 þ 2z1 þ 5ÞΓð−dþ w2 þ 2z2 þ 5Þ
Γðd=2þ z1 þ z2ÞΓð3d − w1 − w2 − 10ÞΓð−3dþ w1 þ w2 þ 11Þ

















































Ñ ¼ Ne−εγE : ð56Þ
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The master integrals in the (uuh) and (uhh) regions factorize into the products of one- and two-loop integrals. For the
(uuh) region, they are given by
J3l1 ¼ J1lI2l3 ¼ N3y2d−5ðm2bÞ1−d=2Γ2ðd=2 − 1ÞΓð1 − d=2ÞΓð5 − 2dÞ;
J3l2 ¼ J1lI2l1 ¼ N3y2d−6ðm2bÞ1−d=2Γ2ðd=2 − 1ÞΓ2ð3 − dÞΓð1 − d=2Þ;
J3l3 ¼ J1l1 I2l2 ¼ N3y2d−6ðm2bÞ1−d=2Γ2ðd=2 − 1ÞΓð1 − d=2ÞΓð3 − dÞ
Γð2d − 5ÞΓð6 − 2dÞ
Γðd − 2Þ ; ð57Þ
while for the (uhh) region we have


























































½−k21½−k22½−ðk1 þ k2 þ pÞ2 þm2b
¼ N3yd−3ðm2bÞd=2−2Γ3ðd=2 − 1ÞΓ2ð3 − dÞ
Γð2d − 5ÞΓð2 − d=2Þ
Γð3d=2 − 3ÞΓðd − 2Þ : ð58Þ
Higher orders in ϵ forK3l2 are also known but not needed for
our calculation. They could be obtained by employing
Eq. (30) of Ref. [55] and Eq. (27) of Ref. [56]. Analytic
results for all master integrals can be found in the ancillary
file to this paper [57].
For the effects of a virtual charm quark, we have addi-
tional master integrals in the (uuh) and (uhh) regions. In the
(uuh) region, they factorize into I2li (i ¼ 1, 2, 3) times the
one-loop charm mass tadpole. In the second region, they
factorize into I1l and two-loop on-shell integrals with two
different masses which were calculated in Ref. [58]. Since
these master integrals will not contribute to the final result
(cf. Sec. IV), we do not give the explicit expressions here.
IV. CHARM QUARK MASS EFFECTS
In this section we consider charm mass effects to the
bottom mass relations. Charm mass effects to the MS-OS
mass relation were computed at two loops in Ref. [59] and
at three loops in Refs. [34,60] (for the two-loop expression,
see also Ref. [61]). Using these analytic results, it is
straightforward to see that the inclusion of a few expansion
terms in the limitmc ≪ mb provides precise predictions for
physical values of the quark masses.
No charmmass effects for the relation between the kinetic
and the on-shell mass for bottom are available. For their
evaluation we have to demand jyj ≪ m2c; m2b which means
that no cuts through the charm quark loop are possible.
At two-loop order, there are four Feynman diagrams that
contain a closed charmquark loop (cf. Fig. 6). In this case, all
charm quark mass effects are generated by the well-known
one-loop decoupling relation between αðnlÞs and α
ðnlþ1Þ
s .
At three-loop order, also another kind of diagrams
contributes, namely those where the charm loop is con-
nected to the heavy quark by three gluons (see Fig. 6). In
the threshold limit, these diagrams factorize into on-shell or
tadpole integrals, where the mass scales are given by the
charm and bottom quarks, and integrals with ultrasoft
loop momenta. For the bare three-loop diagrams, we obtain
a nontrivial dependence on mc=mb. However, incorporat-
ing the proper on-shell counterterms for the wave function
and heavy-quark masses, only logarithmic contributions
remain. These logarithmic contributions disappear if αð3Þs is
chosen as expansion parameter. Moreover, the nonlogar-
ithmic part of the resulting nl ¼ 3 expression is identical to
the one obtained for massless charm quarks.
To summarize, all charm quark mass effects in the nl ¼ 4
flavor theory are decoupling effects. Thus, one can start the
calculation in a theory where both charm and bottom
quarks are integrated out. The transition from αð3Þs to α
ð4Þ
s
generates lnðμ2dec=m2cÞ terms, where μdec is the scale where
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the charm quark is decoupled3 and, at three-loop order, also
constant contributions. Themkin −mOS relation one obtains
this way agrees with our explicit calculation in the four-
flavor theory, assuming the scaling jyj ≪ m2c; m2b.
Note that due to the definition of the kinetic mass in the
heavy-quark limit we are forced to choose mc ¼ 0 in case
we assume the scaling m2c ∼ jyj; see also Ref. [15] for
explicit results at order α2s.
V. ANALYTIC RESULTS
A. Renormalization
Before presenting analytic results for the quark mass
relations, we want to discuss the renormalization of the
parameters and the wave function of the external quarks.
Note that the quantity we compute is infrared finite.
At one-loop order there is no counterterm contribution to
the imaginary part of the forward-scattering amplitude. In
order to treat the ultraviolet divergences at two and three
loops, we have to renormalize the strong coupling constant,
the heavy-quark wave function, the heavy-quark mass and
the mass parameterm in the definition of the scalar current;
see Eq. (34). We renormalize αs in the MS scheme. The on-
shell wave function renormalization constant ZOS2 is needed
up to two-loop order [33,59,62] where also finite charm
quark mass effects are needed [59,60]. We choose to
renormalize the scalar current in the MS scheme to match
the renormalization scheme used for the virtual corrections;
cf. Eq. (46). The respective renormalization constant ZMSm is
needed up to two loops. For the renormalization of the
heavy-quark mass, which is present in the virtual propa-
gators, we introduce the corresponding counterterm in each
one- and two-loop diagram and compute the corresponding
higher-order contributions together with bare contributions
at the respective loop order. The renormalization constant
ZOSm is again needed up to two loops [63], including finite
charm quark mass contributions [60,64]. Note that the
heavy-quark mass counterterms generate gauge-dependent
terms which are needed in order to cancel the gauge
dependence of the bare diagrams.
In our approach, we also generate diagrams which
contain closed massive quark loops (bottom or charm),
which means that all quarks contribute to the running of αs.
To arrive at the theory with only nf − 1 light flavors, we
apply the decoupling relation (see, e.g., Ref. [65])
α
ðnfÞ
























where for later convenience we provide explicit results for




















































In the above formulas,m denotes the on-shell mass. In case
massive charm effects are considered, one first has to use
Eq. (59) for the bottom and subsequently for the charm
quark. Note that this is possible since up to two-loop order
there are no genuine mc=mb effects (see also Ref. [66]).
Note that c1 ∼ lnðm2=μ2thÞ and thus c1ð1Þ ¼ 0. However,
the two-loop term has a finite remainder, i.e., c2ð1Þ ≠ 0.
The renormalization of the structure functions shows
some interesting features. At two loops the (uu) region is
already finite after renormalization of the strong coupling
constant. The (uh) region does only contribute to the C2F
and CFTFnh color factors but not to CFCA and CFTFnl.
Furthermore, it has terms that scale as ∼y−2. These terms
are canceled by the (on-shell) quark mass counterterms.
After applying the wave function counterterm, the C2F term
is exactly canceled for the vector current. In the scalar case,
there is a residual C2F term which cancels against the
nonvanishing virtual corrections when calculating the
kinetic mass relation. The remaining terms proportional
to nh are eliminated by decoupling the heavy quarks from
the running of αs.
FIG. 6. Sample Feynman diagrams containing closed loops with charm quarks. The same notation as in Fig. 1 is used.
3Note that in the formulas, which we present below, we set
μdec ¼ μs, where μs is the renormalization scale of αs.
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Very similar observations can be made at three loops.
The all-ultrasoft region (uuu) is finite after coupling
constant renormalization. Here, the (uuh) and (uhh) regions
scale up to ∼y−3. Again these terms are canceled by the
heavy-quark mass counterterms. In case finite charm quark
mass effects are considered, the (uhh) region has a non-
trivial dependence onmc=mb. After wave function renorm-
alization these contributions, as well as the whole
contributions to the color factors C3F and C
2
FCA, vanish
for an external vector current. For an external scalar current,
also the virtual corrections are needed to establish the
cancellation. Moreover, the remaining terms proportional
to nh are again absorbed by decoupling.
The above observations can be summarized as follows:
both at two- and three-loop order after including all relevant
counterterm contributions and after expressing the final
result in terms of αðnlÞs , only the pure-ultrasoft contributions
survive and all contributions proportional to nh vanish. This
means that one could have performed the calculation from
the beginning in the effectivenl-flavorQCD. Furthermore, at
the step where the asymptotic expansion is applied only
ultrasoft regions have to be considered. From the physical
point of view this behavior is expected since the kinetic mass
is defined via the radiation of soft gluons from the heavy
quark. Since in our “full-theory” approach the cancellation of
the nh contribution is nontrivial, we consider it as a welcome
consistency check for the correctness of our calculation.
B. Quark mass relations
In this subsection we discuss various relations between
the different definitions of the heavy-quark masses. We
consider QCD with nf active flavors, where nf ¼ 5 for
bottom and nf ¼ 4 for charm. Furthermore, we denote by
nl the number of massless quarks. It is interesting to
consider charm mass effects to the bottom mass relations
where we have nf ¼ 5 and nl ¼ 3. Since one can consider
different numbers of active quarks for the running of αs, we
introduce nr, i.e., the number of active quark flavors in the
running of αs. Charm effects in the MS-on-shell relation
can be found in Refs. [63] and [34,60] to two- and three-
loop accuracy, respectively. The charm mass effects in the
mkin −mOS relation were discussed in Sec. IV.
Let us in a first step present results for the relation
between the kinetic and the on-shell mass; see Eq. (21). Up









































tð1;1Þ ¼ − 4
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where lμ ¼ lnð2μ=μsÞ and μs is the renormalization scale of
the strong coupling constant αðnrÞs ðμsÞ; μ is the Wilsonian
cutoff. Note that mkin on the rhs of Eq. (21) has been
replaced by mOS by applying the mkin −mOS relation
iteratively. In Eqs. (62) and (63) we have nl ¼ nr ¼ 3
for m ¼ mc while for m ¼ mb we have nl ¼ 3 and nr ¼ 3
or 4.
Δkin;ð2Þ and Δkin;ð3Þ denote the two- and three-loop finite-
mc corrections, respectively, which have to be taken into
account if the bottom quark relation is considered for
nr ¼ 4. The analytic expressions are given by













































where we have identified the decoupling scale μth with μs. Note that these corrections are pure decoupling effects and are
absent for nr ¼ 3. The functions c1ðm=μthÞ and c2ðm=μthÞ are given in Eqs. (60) and (61), respectively.
For convenience of the reader, we also present the inverted relation which allows for the computation of the on-shell mass
from the kinetic mass:
mOS
mkin






































Note that in the case of the charm quark we always have
nl ¼ nr ¼ 3.
Next we want to consider the relation between the kinetic
and the MS mass of the bottom quark. In order to keep the
formula compact, we choose to work with nr ¼ 4 active
flavors for the running of αs. In Sec. VII we will refer to this
choice as scheme B. To obtain this relation, we replace the
pole mass on the rhs of (64) by the MS mass using the
corresponding three-loop relation [30,32,67]. We choose a
common renormalization scale μs for αs, m̄b and m̄c. In the
mOSb − m̄b relation, we replace α
ðnf¼5Þ
s in favor of α
ð4Þ
s to
have the same expansion parameter as in Eqs. (64) and (65).

























































































































































































































































































































































































































































































































zð3þ 3z2 − z3Þ þ 1
2






ð1þ zÞ2ð1− zþ z2ÞLi2ð−zÞ þ
1
2



















π2zð3þ 9z2 − 4z3Þ þ 3
8












zð1− zÞð1þ zþ 4z2Þ lnð1− zÞ
þ 3
8

















ð1− z2Þð2− zþ 2z2Þ





ð1− z2Þð2þ zþ 2z2Þ

lnð1þ zÞ lnðzÞ þ Li2ð−zÞ

− Δ̃ð3Þmc ; ð67Þ
where





















The contributions due to charm quark mass are taken
from Ref. [34]. The term Δ̃ð3Þmc denotes the genuine three-
loop contribution, which vanishes for mc → 0. It can be
extracted from the ancillary file of Ref. [34]:





Alternatively, also the corresponding analytic expressions
provided in [34] can be used.
After expanding in αð4Þs ðμsÞ up to third order and μ=m̄ up
to second order, we obtain the relation between the kinetic



























tð2;2Þ − yð1Þm tð1;2Þ














ðtð3;2Þ − yð1Þm tð2;2Þ − tð1;2Þðyð2Þm þ Δð2Þmc − ðyð1Þm Þ2ÞÞ









































m̄b ¼ m̄bðμsÞ, and m̄c ¼ m̄cðμsÞ as well as αð4Þs ¼ αð4Þs ðμsÞ.
The inverted relation m̄b=mkinb ðμÞ is obtained fromEq. (70) in
a straightforwardway.We refrain fromprinting it in the paper
but refer to the ancillary files [57] where also the relations
between the kinetic and on-shell mass can be found.
VI. BLM CORRECTIONS TO FOUR LOOPS
In this section we present the four-loop contribution to
the mOS −mkin relation for the class of diagrams that
contain three insertions of massless fermion bubbles in a
gluon propagator. Such corrections are usually referred to
as “large-β0” (or “BLM” [68]) corrections; see also [69].





with β0 ¼ 11CA=3 − 4TFnl=3 and uses these corrections to
estimate unknown higher-order contributions. We adopt
this approach in order to get a hint about the size of the
Oðα4sÞ corrections.
Let us have a brief look to the large-β0 corrections at
two- and three-loop order. We consider the mkinb − m̄b
relation and obtain at two and three loops the following
large-β0 terms
4:
mkinb ð1 GeVÞ ¼ 4163þ 248þ ð−57þ 137jlarge−β0Þ
þ ð15þ 15jlarge−β0Þ: ð73Þ
One observes that at Oðα2sÞ the large-β0 term is about twice
as big as the remaining contribution; however, it has a
different sign. Thus, it overshoots the full result by a factor
of 2. At three-loop order, the large-β0 term amounts to half
of the complete result.
The leading nnl term at order (nþ 1) can be obtained by
dressing the gluon propagator in each of the four one-loop
diagrams with n closed (massless) fermion loops. The
bubbles can be integrated out which leads to an effective
gluon propagator raised to a symbolic power. In fact, if we
denote the momentum through the gluon line by k1, it is















in order to obtain the nnl contribution at order α
nþ1
s . It is
straightforward to obtain analytic results for any given
value of n. Our interest is for n ¼ 3 which gives
4The numbers correspond to scheme D defined in Sec. VII.




































































with lμ ¼ lnð2μ=μsÞ, where the counterterms for the strong coupling constant have been obtained from the known lower-
order results.







































































































with lm ¼ lnðμ2s=m̄2Þ.
We anticipate that the numerical effect is small for the
bottom quark: for μ ¼ 1 GeV, μs ¼ m̄, m̄ ¼ 4.163 GeV
and nl ¼ 3 we obtain a contribution of about −9 MeV to
mkin in Eq. (76).
VII. NUMERICAL RESULTS
The input values for our numerical analysis are
αð5Þs ðMZÞ ¼ 0.1179 [72], m̄cð3 GeVÞ ¼ 0.993 GeV [6]
and m̄bðm̄bÞ ¼ 4.163 GeV [73]. We use RunDec [20] for
the running of the MS parameters and the decoupling of
heavy particles. For the Wilsonian cutoff we choose μ ¼
1 GeV for bottom [74] and μ ¼ 0.5 GeV or μ ¼ 1 GeV for
charm [75].
A. Charm mass
Let us start with the charm quark where we have nl ¼ 3.
Often numerical values for m̄cðm̄cÞ are provided. However,
this choice suffers from small renormalization scales of the
order 1 GeV. A more appropriate choice is thus m̄cð2 GeVÞ
or m̄cð3 GeVÞ. For the three choices we obtain the
following perturbative expansions for mkinc ð0.5 GeVÞ:
mkinc ð0.5GeVÞ¼ 993þ191þ100þ52MeV¼ 1336MeV;
mkinc ð0.5GeVÞ¼ 1099þ163þ76þ34MeV¼ 1372MeV;
mkinc ð0.5GeVÞ¼ 1279þ84þ30þ11MeV¼ 1404MeV:
ð77Þ
For mkinc ð1 GeVÞ we obtain
mkinc ð1 GeVÞ ¼ 993þ 83þ 35þ 14 MeV ¼ 1125 MeV;
mkinc ð1 GeVÞ ¼ 1099þ 37þ 2 − 3 MeV ¼ 1135 MeV;
mkinc ð1 GeVÞ ¼ 1279 − 73 − 61 − 17 MeV ¼ 1128 MeV;
ð78Þ
where, from top to bottom, μs ¼ 3 GeV; 2 GeV and m̄c
was chosen for m̄cðμsÞ and αsðμsÞ. Within each equation,
the four numbers after the first equality sign refer to the
tree-level results and the one-, two- and three-loop correc-
tions. One observes that for each choice of μs the
perturbative expansion behaves reasonably. It is interesting
to mention that for μs ¼ 2 GeV and μ ¼ 1 GeV both the
two- and three-loop corrections are particularly small and
have different signs. For this choice of μ, we also observe
that with μs ¼ 3 GeV the loop corrections are positive,
whereas for μs ¼ m̄c they are negative. The three-loop
terms range from þ14 to −17 MeV and roughly cover the
splitting of the final numbers for mkinc ð1 GeVÞ. For μ ¼
0.5 GeV the three-loop terms range from 10 to 52 MeV
which again covers the splitting of the final numbers
for mkinc ð0.5 GeVÞ.
B. Bottom mass
Let us in the following investigate the numerical effects
for the bottom quark including finite charm mass effects. In
principle one has two choices for the treatment of mc: one
can assume that mc ∼mb and thus we have m2c ≫ jyj. This
leads to the results discussed in Sec. IV, i.e., the charmmass
effects in themkinb -m
OS
b relation are given by the decoupling
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terms in αs. On the other hand, if the limit m2c ≪ m2b is
considered in the mkinb -m
OS
b relation, we are forced to set
mc ¼ 0. This is because due to the various limits involved
in the definition of the kinetic mass there is no energy
available to produce massive charm quarks. This means
there is no expansion in mc=mb.
In the following we consider four schemes for the
treatment of mc effects.
5
(A) We parametrize the m̄b-mkinb relation in terms of α
ð3Þ
s ;
i.e., we assume that the charm quark is decoupled
and that there are no mc effects in the mkinb -m
OS
b
relation. Charm quark mass effects only come from
the m̄b-mOSb relation. They are contained in the Δ
ðkÞ
mc
(k ¼ 2, 3) terms, which vanish in the limit mc → 0,
and from decoupling effects in the transition from
αð4Þs to α
ð3Þ
s in the m̄b-mOSb relation.
(B) We parametrize the m̄b-mkinb relation in terms of α
ð4Þ
s .
The corresponding expression is obtained from
scheme A by using the decoupling relations for
αs. The charm quark mass effects are contained in
the quantities ΔðkÞmc and Δ
kin;ðkÞ
mc which originate from





(C) We parametrize the m̄b-mkinb relation in terms of α
ð4Þ
s
but assume thatm2c ≪ jyj. Note that this requires that
nl ¼ 4 has to be chosen in the mkinb -mOSb relation
(whereas in all other scheme we have nl ¼ 3).
(D) We assume that the charm quark is formally infi-
nitely heavy, in particular heavier than the bottom
quark mass. In that case, we choose nl ¼ 3 (simi-
larly to scheme A) but we do not take into account
any charm quark mass effect, neither from the
decoupling in the αð4Þs to α
ð3Þ
s transition, nor from
ΔðkÞmc in deriving the formulas for the mass relation.
As compared to the schemes used in Ref. [16], we include
finite-mc effects. Note that in [16] the decoupling effects in
the relation between αð4Þs and α
ð3Þ
s for the m̄b-mOSb have been
neglected; they are relevant for scheme A. The analytic
result for scheme B can be found in Eq. (70). The formulas
for the other schemes can be obtained from Eq. (70) in a
straightforward way.
First, we use m̄bðm̄bÞ as input to compute the kinetic
mass. We fix μs ¼ m̄b but organize our formulas such that
the scale of m̄c is fixed to 3 GeV. For the four schemes we
obtain
A∶ mkinb ð1 GeVÞ ¼ 4163þ 248þ ð81þ 7Δmc þ 12dec − 20ncÞ
þ ð30þ 14Δmc þ 16dec − 30nc − 1nc×dec þ 0.4Δmc×decÞ MeV
¼ 4163þ 248þ 80þ 30 MeV ¼ 4520 MeV;
B∶ mkinb ð1 GeVÞ ¼ 4163þ 259þ ð88þ 7Δmc þ 5Δkinmc − 22ncÞ
þ ð34þ 16Δmc þ 10Δkinmc − 34ncÞ MeV
¼ 4163þ 259þ 78þ 26 MeV ¼ 4526 MeV;
C∶ mkinb ð1 GeVÞ ¼ 4163þ 259þ ð99þ 7Δmc − 22ncÞ þ ð59þ 16Δmc − 34ncÞ MeV
¼ 4163þ 259þ 84þ 41 MeV ¼ 4547 MeV;
D∶ mkinb ð1 GeVÞ ¼ 4163þ 248þ 81þ 30 MeV ¼ 4521 MeV; ð79Þ
where the origins of the charm quark mass effects have
been marked with the following labels.
(i) dec: It is present in scheme A and marks the terms in
the MS-on-shell relation which originate from the
decoupling of the charm quark in αs.
(ii) nc: the contribution from closed charm loops (which
survive even for mc ¼ 0).
(iii) Δmc : finite mc terms from the MS-on-shell relation
which vanish at mc ¼ 0.
(iv) Δkinmc : finite mc terms from the kinetic-on-shell
relation.
Overall, we observe that the charm mass effects from the
m̄b-mOSb relation (Δmc) are sizable and the three-loop term
is about a factor of 2 bigger than the two-loop contribution.
The same is true for the charm mass effects from the
mkinb -m
OS
b relation (Δkinmc in scheme B). For scheme A, the
decoupling terms of αs in the m̄b-mOSb relation also provide
a relatively large correction. However, for schemes A and
B, we see an important cancellation of these charm mass
effects against the remaining nc terms that have the
opposite sign as the previous three contributions. In scheme
C the cancellation between Δms and nc is less efficient.
In schemes A, B and D, one observes a good con-
vergence of the perturbative series: the coefficients reduce
by a factor of 2–3 when going to higher orders. Scheme C
behaves slightly worse. In our opinion, schemes A and B
5This extends the considerations of Ref. [21] since now the
charm quark mass effects are completed up to Oðα3sÞ, both for the
mkinb -m
OS
b and the m̄b-m
OS
b relations.
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are the preferable choices for the phenomenological appli-
cations. The difference in the final results for the kinetic
mass is only 6 MeV. The comparison between schemes A,
B and D demonstrates that the charm quark “wants” to be
treated as a heavy particle. Note that the final result for
scheme D differs from scheme A by only 1 MeV.
On the contrary, treating the charm as a light quark as in
scheme C leads to a kinetic mass which is about 20 MeV
larger than in the other schemes which is mainly due to the
finite charmquarkmass effects in theMS-on-shell relation. In
this case, there is no room for a finite charm quarkmass in the
kinetic-on-shell relation. Note, however, thatm2c ≪ jyj is not
consistent with the physical value of the charm quark mass
and thus scheme C should not be used for practical appli-
cation. On the other hand, if in nature we would have
mc ¼ Oð100 MeVÞ, scheme C would be a perfectly viable
scheme (of course Δmc would be much smaller in this case).
Let us compare our numerical results with our previous
ones in Ref. [16]. For schemes A and D, the numerical
values that are not tagged by “dec”, “Δkinmc ” or “Δmc” agree
with the first line of Eq. (8) in [16], where we set nl ¼ 3
and αð3Þs .
Scheme C corresponds to the scheme used in the second
line in Eq. (8) of [16]; i.e., nl ¼ 4 and αð4Þs is used in the
kinetic-on-shell relation. Note that here for scheme C, the
MS-on-shell relation uses nl ¼ 3 instead and we mark the
different charm contributions separately. In the limit
mc → 0, however, we recover the results in the second
line in Eq. (8) of [16].
Next we discuss the computation of the bottom quark
mass in the MS scheme using the kinetic mass mkinb ¼
4.550 GeV as input. We furthermore use μs ¼ mkinb and
obtain for schemes A–D
A∶ m̄bðmkinb Þ ¼ 4550 − 275 − ð102þ 6Δmc þ 14dec − 21ncÞ
− ð39þ 13Δmc þ 18dec þ 0.4Δmc×dec − 30nc − 1dec×ncÞ MeV
¼ 4550 − 275 − 101 − 40 MeV ¼ 4134 MeV;
B∶ m̄bðmkinb Þ ¼ 4550 − 288 − ð111þ 7Δmc þ 5Δkinmc − 23ncÞ − ð44þ 15Δmc þ 10Δkinmc − 34ncÞ MeV
¼ 4550 − 288 − 100 − 36 MeV ¼ 4126 MeV;
C∶ m̄bðmkinb Þ ¼ 4550 − 288 − ð122þ 7Δmc − 23ncÞ − ð69þ 15Δmc − 34ncÞ MeV
¼ 4550 − 288 − 106 − 50 MeV ¼ 4106 MeV;
D∶ m̄bðmkinb Þ ¼ 4550 − 275 − 102 − 39 MeV ¼ 4134 MeV: ð80Þ
The convergence properties in these equations are similar to
Eq. (79). In a second step, we can obtain the scale-invariant
MS mass m̄bðm̄bÞ with the help of the QCD renormaliza-
tion group equations up to five-loop accuracy [76–82]
as implemented in RunDec [20]. For the four schemes we
obtain
A∶ m̄bðm̄bÞ ¼ 4195 MeV;
B∶ m̄bðm̄bÞ ¼ 4189 MeV;
C∶ m̄bðm̄bÞ ¼ 4171 MeV;
D∶ m̄bðm̄bÞ ¼ 4195 MeV: ð81Þ
Excluding scheme C we observe a splitting of about
6 MeV which is more than a factor of 2 smaller than
the current uncertainty of the MS bottom quark mass as
extracted from experimental data or lattice calculations
(see, e.g., Ref. [72]).
Next, we consider the variation of the renormalization
scale μs, which is present in the mass conversion formulas.
After the inclusion of higher-order perturbative corrections,
the dependence on μs should decrease. In fact, the
dependence on μs can also be used as a measure to estimate
the unknown higher-order terms, i.e., four-loop corrections.
Note also that contributions from higher-dimensional
operators would scale as αsμ3=m3b which is numerically
close to α4s if we assume αs ∼ 0.2, μ ∼ 1 GeV and
mb ∼ 5 GeV.
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In Fig. 7 we showmkinb obtained from m̄bðμsÞ with initial
value m̄bðm̄bÞ ¼ 4.163 GeV as a function of μs. Results
based on one-, two- and three-loop conversion formulas are
shown. On the horizontal axis we vary the intermediate
scale μs between 1.5 and 10 GeV. Note that a similar plot
can be found in Fig. 9 of Ref. [21]. However, there the scale
of m̄b was fixed and only the scale of αs (μs) varied.
Figure 8 shows the corresponding results where m̄bðm̄bÞ is
computed from mkinb ¼ 4.550 GeV.
Both in Figs. 7 and 8, we observe a flattening of the
curves after including higher-order corrections. If we
6From the discussion below Eq. (40) in Ref. [2], one might
draw the conclusion that the correction to the kinetic mass of
order αsμ3 is zero. This fact is reported also in Appendix A.1 of
Ref. [83]; however, a proof was never given to our knowledge.
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restrict ourselves to values of μs ≥ 3 GeV, the three-loop
curves varies by about 25 and 50 MeV, respectively, which
suggests an uncertainty of 13 and 25 MeV. Note,
however, that a stronger μs dependence is observed below
2 GeV.
There are several options to estimate of the theoretical
uncertainty associated to the m̄b-mkinb conversion formula.
(1) We proceed as in Ref. [16] and use half of the three-
loop correction as an estimate on the size of the
unknown higher orders. This leads to an uncertainty
of about 15 MeV (excluding scheme C). Note that
the same criterion applied to the two-loop mass
relation leads to an uncertainty of about 40 MeV.
Thus, the three-loop term leads to a reduction of the
uncertainty by about a factor of 2.
(2) An estimate of higher-order effects is also obtained
by varying μs. If we choose 3 GeV ≤ μs ≤ 9 GeV,
we obtain an uncertainty of f17; 13; 18; 24g MeV
for the four schemes (see also Fig. 7). The same
prescription at order α2s leads to an uncertainty
of f33; 25; 27; 39g MeV.
(3) An optimistic uncertainty estimate could be based on
the four-loop large-β0 approximation computed in
Sec. VI. In that case we obtain 9 MeV for the
missing four-loop term.
We recommend to use option 1.
Finally, we present simple formulas which can be used to
convert the scale-invariant bottom quark mass to the kinetic
scheme or vice versa using the preferred input values for the









where the numbers in the curly brackets refer to schemes A,
B, C and D, respectively. For the quantities ΔX we have
Δkin ¼ ðmkinb =MeV − 4550Þ=20;
ΔMS ¼ ðm̄bðm̄bÞ=MeV − 4163Þ=16;
Δαs ¼ ðαs − 0.1179Þ=0.001: ð83Þ
All numerical results presented in this section can be
reproduced using the implementation in RunDec and
CRunDec [20,84] in the functions mKIN2 mMS[...] and
mMS2 mKIN[...]. For more details concerning the argu-
ments, we refer to the latest version which can be down-
loaded from [84].
VIII. CONCLUSIONS
The aim of this paper has been the computation of the
three-loop corrections to the relation between the heavy-
quark masses defined in the kinetic and the MS schemes.
We described in detail the methods employed for the
calculation of the mass relation, in particular the application
of the asymptotic expansion in the threshold limit and the
computation of the master integrals. For the latter we
provided explicit analytic results. Our strategy is in
principle extendable to α4s , if such precision will ever
become necessary in the future. We furthermore discussed
in detail finite charm quark mass effects for the bottom
mass relations.
FIG. 7. m̄kinb computed from m̄bðμsÞ using one-, two- and three-
loop (blue, red, and black lines, respectively) accuracy as a
function of μs. At each loop order, four lines are shown, one for
each of schemes A–D.
FIG. 8. m̄bðm̄bÞ computed from mkin using one-, two- and
three-loop (blue, red, and black lines, respectively) accuracy as a
function of μs. At each loop order, four lines are shown, one for
each of the schemes A–D.
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The numerical analysis of the mkin-mMS relation shows a
good convergence of the perturbative series, both for charm
and bottom quarks. Altogether, charm quark mass effects to
the bottom mass are small and do not destabilize the
convergence property of the series. The mass relation is
mainly sensitive to the number of massless quarks, while it
is rather insensitive to charm which behaves as a heavy
degree of freedom. The new correction terms at three loops
reduce the uncertainty due to scheme conversion by about a
factor of 2.
The extraction of jVcbj from inclusive semileptonic B
decays is founded upon the kinetic scheme for the heavy-
quark masses and the HQE parameters. Therefore, the work
presented in this paper is pivotal for future precision
determinations of jVcbj at Belle II.
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APPENDIX A: PERTURBATIVE
CONTRIBUTIONS TO HQET PARAMETERS
In this section we give the perturbative contributions to
HQET parameters Λ̄, μ2π , ρD and rE up to order α3s. These
expressions can be employed to renormalize their non-
perturbative versions in the so-called kinetic scheme. The
definitions of Λ̄jpert and μ2πjpert were given in Eq. (22). The
HQET parameters ρD and rE are defined as
2MBρ3D ¼ hH∞jh̄viD⊥μðiv ·DÞiDμ⊥hvjH∞i;
2MBr4E ¼ −hH∞jh̄viD⊥μðiv ·DÞ2iDμ⊥hvjH∞i: ðA1Þ






















μWðω; v⃗Þdω : ðA2Þ

































































































































































































































































































































































with lμ ¼ lnð2μ=μsÞ. Note that we chose to parametrize the relations in terms of αðnlÞs ðμsÞ since all dependence on heavy-
quark masses decouples. The analytic expressions from this appendix can be downloaded from [57].
APPENDIX B: CALCULATION OF I3l7










with p21 ¼ m2. We compute I3l7 including the terms of order ϵ. Since we know that the integral scales uniformly as
y3d−11m8−3d we can set y ¼ m ¼ 1.
The direct evaluation through Mellin-Barnes integrals and subsequent summation was not successful, since we encounter
quite complicated threefold infinite sums already for the ϵ0 part. We thus follow the idea to introduce another scale x into the
problem and solve the associated differential equations. The boundary conditions may be fixed in the limit x → 0 and I7 can
be extracted from the limit x → 1.










with p21 ¼ 1. Using LiteRed it is straightforward to find a closed system of differential equations for this family. The master
integrals we encounter are

































































































Note that I3l7 ¼ Î12jx¼1.
Most of them can be easily computed for general d and x and we find
Î1 ¼ Γ3ðd=2 − 1ÞΓð7 − 3dÞ;
Î2 ¼ x3d−7Γ3ðd=2 − 1ÞΓð7 − 3dÞ;
Î3 ¼
Γ3ðd=2 − 1ÞΓð8 − 3dÞ
3 − d 2
F1ð1; 8 − 3d; 4 − d; 1 − xÞ;
Î4 ¼
Γ3ðd=2 − 1ÞΓð8 − 3dÞ
5 − 2d 2
F1ð1; 8 − 3d; 6 − 2d; 1 − xÞ;
Î5 ¼
Γ3ðd=2 − 1ÞΓð8 − 3dÞ
5 − 2d 2
F1ð1; d − 2; 6 − 2d; 1 − xÞ;
Î6 ¼ x2d−5Γ3ðd=2 − 1ÞΓð3 − dÞΓð5 − 2dÞ;
Î7 ¼ x3d−8Γ3ðd=2 − 1ÞΓð3 − dÞΓð5 − 2dÞ;
Î8 ¼ x3d−9
Γ2ð2 − d=2ÞΓ4ðd=2 − 1ÞΓð3d=2 − 4ÞΓð9 − 3dÞ
Γð4 − dÞΓ2ðd − 2Þ ;
Î9 ¼
Γ3ðd=2 − 1ÞΓ2ð3 − dÞΓð6 − 2dÞ
Γð4 − dÞ 2F1ð6 − 2d; 3 − d; 4 − d; 1 − xÞ: ðB4Þ
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The ϵ expansion of the hypergeometric functions can be obtained using HypExp [85,86] or EvaluateMultiSums [44]. The integrals
Î10 to Î13 can be determined through differential equations with the following boundary conditions:

















































































































































Î12jx¼0 ¼ I3l14jy¼1;m¼1: ðB7Þ
Note that we need the initial value of Î11 up to OðxÞ, since
the homogeneous solution of its associated differential
equation vanishes at x ¼ 0. We have used a Mellin-Barnes
representation to obtain the expansion in x. We do not need
the limit x ¼ 0 of Î13 since the master integrals Î12 and Î13
are not linearly independent in the limit x → 1. We use this
to express the integration constants of Î13 through the ones
for Î12 in a later step. The differential equations have
singular behavior at x ¼ 0 and x ¼ 1, leading to harmonic
polylogarithms.
Solving the differential equations for Î10 and Î11 is
simple, since they only depend on already known master
integrals. The differential equations for Î12 and Î13 form a
coupled 2 × 2 system, which we decouple into a second-
order differential equation for Î12 using the Mathematica
package OreSys [87]. The differential equations are solved
using HarmonicSums [45]. The solution of Î13 can be con-
structed from the solution of Î12, its derivatives and already
known master integrals. We then use the fact that Î12 and
Î13 are not linearly independent at x ¼ 1 to fix one half of
the integration constants introduced by solving the differ-
ential equation. The other half can be fixed from the x ¼ 0
limit of Î12. Fixing the boundary values in this way and

















































APPENDIX C: AUXILIARY INTEGRALS
In this section we present the formulas for auxiliary
integrals useful for the direct integration of the three-loop
master integrals. They are given by
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ð−v2Þn1ð−2p · vÞn2ð−2p · vþ yÞn3
¼ ðm2Þn1−d=2yd−2n1−n2−n3 Γðd − 2n1 − n2ÞΓðd=2 − n1ÞΓð2n1 þ n2 þ n3 − dÞ
Γðn1ÞΓðn3ÞΓðd − 2n1Þ
;





ð−v2Þn1ð−2p · vþ y2Þn2ð−2p · vþ y3Þn3









× Γðn2 þ wÞΓð−wÞΓðd − 2n1 − n2 − wÞΓð2n1 þ n2 þ n3 þ w − dÞ;





ð−v2Þn1 ½−ðv − qÞ2n2ð−2p · vÞn3
¼ 1







× Γð−wÞΓðd − 2n1 − n2 − n3 − wÞΓðn1 þ wÞ
× Γðd=2 − n1 − n2 − wÞΓð2n1 þ 2n2 þ n3 þ 2w − dÞ: ðC1Þ
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